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Self-consistent-field variational approach to the interaction
between a polymer and a small molecule
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A variational SCF treatment based on a perturbational concept is developed
and applied to the interaction between trans-polyacetylene and a small
molecule. The validity of the present method is examined by comparing the
results with those from the conventional tight-binding SCF crystal orbital
method. The interaction energies and charge distributions obtained are in
good agreement between the two methods. This result suggests that the present
variational approach is promising for application to complicated interactions
between a polymer and impurities.
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1. Intreduction

Polyacetylene, a typical conducting polymer, has recently been the focus of
enormous interest due to the discovery that the conductivity is increased by
doping with appropriate electron donors and acceptors. Electronic states of
trans-polyacetylene have been investigated by using the Hartree-Fock tight-
binding approximation based on a periodic boundary condition both within the
one-electron picture [1-10] and including electron correlation effects [11-14]. At
the present stage of theoretical approach, on the other hand, little has been
developed on the method of calculating electronic states of non-periodical
polymers.

In a preceding paper we proposed an ab initio SCF perturbation method for
aperiodic polymers which was developed based on the perturbation theory using
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the density matrix by O’Shea and Santry [15]. This method was applied to a few
simple model systems, the interaction between two nearly incommensurable
polymers [16] and between a polymer and a small molecule [17], obtaining good
agreement in the calculated interaction energy as well as the charge distribution
with those from the usual SCF procedure. For strongly interacting systems,
however, perturbed matrix elements are often larger than energy differences and
lead to unrealistically large mixing coefficients and time-consuming SCF iter-
ations.

In order to remove this deficiency we will modify the above mentioned perturba-
tion method so as to evaluate the perturbation terms and apply it at the ab initio
level. This treatment requires a large amount of storage in the diagonalization
procedure, but it is expected that the results thus obtained for the interaction
between a one-dimensional simple chain and a small molecule are more reliable
than the perturbational treatment. The polymer used in our approach consists of
supercells each of which includes one small molecule. This supercell is to include
so many cells that the interaction between supercells through the small molecule
can be neglected. For the test calculations, trans-polyacetylene is selected as a
polymer and hydrogen and lithium hydride molecules as small molecules. Finally,
the limitations of applicability of this method are briefly discussed.

2. Method

Crystal orbitals of an isolated polymer consisting of N cells without impurities
are expressed by using the tight-binding approximation in the following form:

SO =1/N)2Y T exp (kI C(K)xu(r—r,, ), (1)
1=0 p=1
k=2mp/N(p=1,2,...,N).

Here, ! specifies a cell in the polymer, a the lattice vector, i the imaginary number
v/ =1, s anenergy level, x an atomic orbital, and r the position vector of an electron.

In the present approach one small molecule is assumed to be included in a
supercell consisting of many (m = |b|/|a|) unit cells of the unperturbed polymer
as shown in Fig. 1. The molecular orbitals of this small molecule are written as
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Fig. 1. Schematic model system of the interaction between a polymer and a small molecule
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follows:
dV(r) =Y CVx. (). (2)

The interaction between the polymer and the small molecule is evaluated by a
variational treatment based on a perturbational concept starting from these
zero-order solutions for the isolated systems.

For the application of this variational method, the crystal orbitals of the isolated
polymer must be transformed so as to satisfy the symmetry of the supercell system.
The relationship between k, for the supercell system with the translational vector
b and k for the unit cell system with the translational vector a is given as follows:

k,=mk—2jm (j: integer). (3)

Details regarding this relationship have been explained in the previous paper
[17]. By using Eq. (3), the coefficient for the supercell system, Cﬁfs)(,)(kp), is given
in terms of that for the isolated system Cﬁ?s)(k) as follows:

Cin(ky) = CLi(k) exp [i(I — 1)k], (4)

where I in the subscript denotes the Ith cell in the supercell of the interest,
hereafter called the central supercell. With the aid of Eq. (4), the crystal orbitals
of the isolated unit cell system are transformed into those for the supercell system.
Similarly, orbital energies for the wave number vector k are also transformed
into those for k,. That is,

EQh(ky) = EL(K). (5)

Supercell Fock and overlap matrices can be expressed in terms of the unit cell
matrices.

=L
Fi(k,) = L exp (ikp) iy (6)

+=L
SOk,) :J_;O exp (ik,7)SL%7, %
where the index [ /1 means that the atomic orbitals w and v belong to the central
and the jth supercell respectively, and the summation for j is to be done over
a limited number of supercells 2L+ 1 for which one- and two-electron integrals
are taken into consideration. For the zero-order terms of the supercell system,
the following equations are satisfied for each k,:

FO(k,)CV(k,) =8 (k,)CV(k,) E“©(k,,) (8)
CO(ky) ™Sk, ) CV (k) = 1. (9)

Integrals which are related only to the polymer or the small molecule are
considered to be the zero-order terms and all others the first-order terms. For the
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Fock matrix, we introduce the following notations as was done in the previous
paper [17].

T=—(1/2)v2 (10)

x= X ZX Z,/Ir—R,(ju)I(X=M, P), (11)
%RT(T+ VX)={%RT;OM,j,,u(T+ Vx)}, (12)
%RT;Ou,j,,V(T—l_XX) ={X5(0)|T+ VXlXI(jV)}’ (13)
G = { Gt (14)

Grtomsn= 2 L L L PUI NGRS G X EGaxs (o))

p(R) o(T) j, Jor

= (1/2) (xR Ox5 Go)lx v G x (o)}, (15)
where X, Y, R and T stand either for P(polymer) or M(monomer), j indicates
the supercell number to which the nucleus a belongs and «(X) denotes a nucleus
on X. The AO v, p and o belong to the supercell j,, j, and j,, respectively. The
superscript(K) denotes the order of perturbation expansion in the density
matrix P.

Using Eqgs. (10)-(15), the first-order terms of the Fock matrix are represented as
follows:

LOJFPP(I)_ %p (VM)+ gPP(O) (16)
QFMM(U = %MM( VP) + gMM(O) (17)
FMD = g (T + Vet Vi) + Gom©@ 4 gPMI0), (18)

The perturbed terms in the density matrix of Eq. (15) do not appear in the initial
perturbation, since there are no perturbed molecular orbitals in the initial isolated
systems. Overlap integrals related only to the polymer or to the small molecule
are in the zero-order, and those between the polymer and the small molecule are
in the first order. Therefore, there is no second-order terms in the Fock and
overlap matrices. Thus, the total first-order terms for the Fock matrix and overlap
integral are given by

F(l) = QFPP(I)-F g;MM(l)_l_ .O}-PM(l)_*_g;MP(l)’ (19)

S = MM 4 pMPM, (20)

In the present work, we apply a variational treatment to the sum of these zero-
and first-order terms defined as above in Fock and overlap matrices

F(k,) =F(k,)+F" (21)
S(k,) =S(k,)+S™. (22)
These definitions of the matrices are applicable only at the first SCF iteration.

By using these matrices defined for the interacting system, the eigenvalue problem
is solved for each k.

(F(k,) —S(k,)E(k,))C'(k,)=0. (23)
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From the obtained eigenvectors C(k,), new density matrix elements are
calculated

. BZ occ
P =2 T exp {—iky(j, —jr)} 3/ (kp) Corulkp). (24)
k, i
By using the new density matrix elements given by Eq. (24) the new Fock matrix
elements are constructed only for the central supercell including the small

molecule,
FL& = H %+ G, (25)

nv
where ' indicates that the density matrix changes its values at each SCF iteration
process. In the contribution from the two-electron integrals G'J;* the following
terms are to be included

G = 2 z PO =5l %0)]

+z z P00 =30 10)]

+z z Pl =385

+Y X PO — 3 0]
i

+3 % PGl pe) = 3Canl 0]
i

+Y 3 PO =3l %]
S

+Y Y PO =315, (26)
plles

where superscripts indicate the supercells to which the AO’s u, v, p or o belongs.
In Eq. (26) the first three terms including P%”", PV’ and P( LD are the
density matrix elements between AO’s p and o w1th1n the same supercell, that
is, within central (0, 0), right side (1, 1) and left side (—1, —1) supercells, respec-
tively. In our model in which the polymer interacts only with one small molecule,
the density P'%"" must be explicitly calculated from the newly obtained eigenvec-
tors C’,(k,), whereas PV and P may be assumed to be equal to the
initially defined isolated zero-order terms, and therefore the Fock matrix derived
from P%Y’, P17V peed not to be recalculated at each SCF iteration. This
would result in considerable time consuming in computation. However, in the
present work these three terms are exactly calculated in order to compare our
results with the ab initio tight-binding crystal orbital method for periodic polymers.
The final four terms in Eq. (26) correspond to the contributions between the
central and neighboring supercells under the nearest neighbor approximation.

The matrix elements of F(k,) included in the eigenvalue problem Eq. (23) are
usually given by the transformation of F'*/1" as follows

Fu(ky) = Z exp (ik,j) Fi/V. (27)

j=0
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However, our model is based on the assumption that the supercell includes a
large enough area so that the individual small molecule has no influence on the
neighboring supercell. Then, only FI>°" given by Eq. (25) in the new Fock matrix
must be changed in each SCF iteration and the terms for j # 0 can be replaced
by the initially defined zero-order Fock matrix Eq. (6). Therefore, the new Fock
matrix element is represented by

F,,(k,) =exp (—ik,) F'* 1+ F» %+ exp (ik,) FL; " (28)

ny s

under the nearest neighbor approximation. The computational time required for
calculating Eq. (28) is substantially less than that for Eq. (27) which corresponds
to the usual ab initio tight-binding method.

By using S(k,) given by Eq. (22) and F(k,) by Eq. (28) the eigenvalue problem
Eq. (23) is solved. From the obtained density matrix Eq. (24), the new Fock
matrix given by Eq. (25)-(26) and Eq. (28) is calculated. In the succeeding SCF
iteration process, the diagonalization of Eq. (28) is carried out directly without
defining perturbation terms in the Fock and overlap matrices such as Egs.
(16)-(20). This procedure is repeated until the density matrix given by Eq. (24)
becomes consistent with that used in forming the Fock matrix of Eq. (25). After
one has obtained the converged density matrix, one can calculate in the usual
manner the total density matrix and hence the total electronic energy as well as
the orbital energies.

For a test calculation, we select all-trans polyacetylene as a polymer, and a
hydrogen molecule or lithium hydride as a small molecule. Polyacetylene consists
of an infinite number of periodic supercells, each consisting of seven unit cells
with a small molecule, as shown in Fig. 2. A small molecule is placed on the
polyacetylene chain above the central unit cell of each supercell at a distance d.

Programming of the variational method was carried out by combining the crystal
orbital program package, which our research group has developed, with essential
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Fig. 2. Model system for the calculations and the numbering of the atoms in Tables 2 and 4
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parts of the Polymer GAUSSIAN 74 program based on the ab initio tight-binding
SCF crystal orbital method. For the calculation of the Fock matrix for Egs.
(16)-(18) and Eq. (25) the one- and two-electron integrals obtained by the Polymer
GAUSSIAN 74 program were employed. In the present test calculation, we adopt
the nearest neighbor approximation for the supercell system, which means that
the kinetic energy, the nuclear-electron attraction, the overlap, and the two-
electron repulsion integrals are cutoff at an appropriate interatomic distance.
This approximation could cause a serious problem in obtaining the correctly
converged energy values, since the total energy depends strongly upon the number
of neighbors included [8, 10]. However, this is the test calculation for the applica-
bility of our variational method to be compared with the usual ab initio tight-
binding crystal method, and the nearest neighbor assumption does not obscure
the present purpose.

Prior to the supercell calculations the following three files are obtained from the
Polymer GAUSSIAN 74 program. The first file contains the intra-chain zero order
wave functions and integrals in the isolated polymer system corresponding to
Eq. (1). In this calculation all the interactions beyond the cutoff distance of 6.0 A
was neglected; this was done since the third neighbor unit cells in a polymer
with the cell-cell distance of 2.4315 A are at least 6.1887 A away from the central
cell and we wanted the third neighbor interaction to be truncated. The second
file has the zero order wave functions and the integrals within the small molecule.
The calculations for isolated small molecules are also performed using this
program, in which the interactions between the neighboring molecules are trun-
cated. The third file has the first order terms for the interacting space between
the supercell in the polymer chain and the small molecule. In order to obtain
these terms, the nearest neighbor approximation was used on the interacting
space only within which all integrals over AO’s between the polymer and small
molecules are explicitly evaluated. For comparison with this variational calcula-
tion, the direct SCF calculation was also performed independently on the periodic
interacting system composed of the supercell with a small molecule by using the
Polymer GAUSSIAN 74 program package. All the calculations in this paper were
performed with an STO-3G basis set with the standard exponents. The conver-
gence criterion of 107° for the difference of density matrix elements was used.
The numerical calculations were carried out on the HITAC M-680H and $-810
systems of the Institute for Molecular Science.

3. Results and discussion

This variational method using the zero order solutions of the isolated systems
and the first order interaction terms is applied to a trans-polyacetylene interacting
with a hydrogen molecule (Model I) or a lithium hydride molecule (Model 1I),
shown as the small molecule (M) in Fig. 2. The hydrogen or lithium hydride
molecule (with H down) is placed perpendicular to the polyacetylene chain at
various chain-H distances d.

The calculated total energies for Model I using our method (method A) are
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compared in Table 1 at five distances with those by the direct tight-binding crystal
orbital method (method B).

The total electronic energies obtained by method A are in good agreement with
those by method B. Since method A neglects the change of Fock matrix due to
the neighboring supercell density matrix, the present results suggest that the
supercell composed of seven (C,H,) unit cells is large enough to allow exact
evaluation of the interaction under the present cutoff distance. I'" is the sum of
the absolute values of all the perturbed core-Hamiltonian matrix elements defined
at the initial SCF step, and F’ the sum of the absolute values of the perturbed
Fock matrix elements defined by Eq. (19). The values of IV decreases with
increasing distances, while F’ has a minimum value at the distance of 3.0 A.
This may be due to the incidental cancellation of the core-electron attraction
with the electron-electron repulsion at the short cutoff distance with 6.0 A. As
the distance increases, the total electronic energies increase and the nuclear
repulsion energies decrease smoothly, approaching those of the isolated polymer
system. However, the total energy given as the sum of those two terms behaves
irregularly for the distance change in both methods. Suhai has mentioned [8]
that the most difficult problem in obtaining reliable results in ab initio polymer
calculations is how to truncate two ‘‘electrostatic” interactions, namely, core
attraction and Coulomb repulsion terms. It seems that the short cutoff distance
of 6.0 A is too short and has led to this erratic behavior. This difficulty should
be removable by using larger cutoft distances including a large enough number
of neighbors so that the balance between core electron attraction and electron-
electron repulsion is maintained.

The numbers of SCF iterations required are shown in the right-most column in
the Table 1. The number of SCF iterations by method A is less than that by
method B. This is more remarkable at smaller values of F"), because the solutions
already converged independently for the isolated polymer (Eq. (1)) and the small
molecule (Eq. (2)) are used in method A as the initial guess for the interacting
system. In addition, in method A, the simplified Eq. (28) is used to construct the
Fock matrix for substantial computer time saving; the computational time per
SCEF iteration in method A is reduced to about one half of that in method B.

The total electron density obtained by the Mulliken population analysis is shown
in Table 2. As the distances increase, the effects of charge transfer interaction
from polyacetylene to the hydrogen molecule disappear. The HOMO of trans-
polyacetylene is symmetric between the 7 orbitals on C; and Cg and the LUMO
is antisymmetric. Both the occupied and unoccupied orbitals of the hydrogen
molecule perpendicular to this polyacetylene chain are symmetric with respect
to C;-Cs. Consequently, the charge transfer from the HOMO of polyacetylene
to the unoccupied antibonding orbital of the hydrogen molecule is allowed, but
the charge transfer to the polyacetylene LUMO is forbidden. The behavior of
electron distribution at various distances seems to be intimately related to the
magnitude of the initially defined perturbation terms F". At the 3.0 A where
the perturbation term is the smallest, the change in electron density is the smallest.
Rather diverse values obtained at the distance of 5.0 A are probably artifacts of
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the short cutoff distance as was seen in the interaction energy. At all the other
distances, the density values obtained by method A differ somewhat from those
by method B.

Total energies for Model II, in which lithium hydride with the hydrogen end
down is used as the small molecule, are shown in Table 3 for five distances. The
cutoff distance is 6.0 A and the bond distance of Li-H (1.5949 A) is long, and
then relatively shorter chain-H distances (d = 1.0-3.5 A) are selected so that many
of the interacting terms between polyacetylene and LiH can be included. The
interaction energy here again behaves erratically for both methods, as was in
Model I, due to the cutt-off distance that is too short. The difference in the total
energies between the two methods is in the range of 1-2.5 kcal for the distances
of 2.0-3.5 A. This implies that the size of the supercell composed of seven (C,H,)
units is not large enough for the use of unperturbed density matrix elements on
the edge of the supercell.

The number of SCF iterations required by method A is again smaller than that
by method B, particularly at the distances of 3.0 and 3.5 A. The computational
time per SCF iteration is about a half of that in method B, as SCF in the case
of model L. In the case of strong perturbation at 1.0 A, the SCF converged in 10
iterations in method A, but never in method B. These results suggest that method
A show a potential of providing SCF results for systems in which the interaction
is so strong that the conventional method fails to converge.

The total electron density by the Mulliken population analysis is listed in Table
4. The charge transfer from the symmetric occupied = orbitals of polyacetylene
to the LUMO {empty Li 2p, orbital) of lithium hydride is allowed. The maximum
in the magnitude of charge transfer and that of the stabilization energy occur at
the same distance, 2.5 A. The noticeable difference in density between two
methods indicates that the end of the supercell is not free from the influence of
interaction between lithium hydride and the supercell. This suggests that a larger
supercell has to be adopted in order to describe the interacting system correctly.
As discussed above, a larger supercell is also essential to avoid artifacts of integral
truncation.

An extension of a supercell can be achieved combining the Fock matrix of a
smaller supercell system converged already by SCF calculation and the zero-order
Fock matrix of an adjacent unit cell to which the supercell should be expanded.
The newly linked area interacts indirectly in the first iteration, because the density
matrix, therefore, the Fock matrix has no value between the old and new areas.
The wave function and the energy of the newly expanded supercell can be
obtained by the diagonalization procedure given by Eq. (23). The supercell can
be extended sequentially until the end effect of a supercell become negligibie,
where the interaction with a simple impurity molecule is described exactly.

The present study is a starting point of investigation of the reliability and
applicability of our method at the ab initio SCF level. We believe that the excellent
agreement with the conventional and more time-consuming tight-binding SCF
method can be obtained by using a sufficiently large supercell and a long cutoff
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distance. We intend to develop this method with hope of making it computa-
tionally feasible with good accuracy for interaction of various larger polymers
with small molecules.

4. Conclusions

In the present paper the variational method is proposed and applied to the
interaction between trans-polyacetylene and a small molecule such as H, and
LiH. It is found that the agreement in the total energy and the total electron
density is fairly good between this method and the usuval, more time-consuming
tight-binding ab initio crystal orbital method. Consequently, the variational
method developed in this work can be an economical alternative for calculating
with good accuracy the interaction between real polymers and impurity molecules.
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